The Minimum Vertex Cover (MVC) problem is a well-known combinatorial optimization problem of great importance in theory and applications. In recent years, local search has been shown to be an effective and promising approach to solve hard problems, such as MVC. In this paper, we introduce two new local search algorithms for MVC, called EWLS (Edge Weighting Local Search) and EWCC (Edge Weighting Configuration Checking). The first algorithm EWLS is an iterated local search algorithm that works with a partial vertex cover, and utilizes an edge weighting scheme which updates edge weights when getting stuck in local optima. Nevertheless, EWLS has an instance-dependent parameter. Further, we propose a strategy called Configuration Checking for handling the cycling problem in local search. This is used in designing a more efficient algorithm that has no instance-dependent parameters, which is referred to as EWCC. Unlike previous vertex-based heuristics, the configuration checking strategy considers the induced subgraph configurations when selecting a vertex to add into the current candidate solution. A detailed experimental study is carried out using the well-known DIMACS and BHOSLIB benchmarks. The experimental results conclude that EWLS and EWCC are largely competitive on DIMACS benchmarks, where they outperform other current best heuristic algorithms on most hard instances, and dominate on the hard random BHOSLIB benchmarks. Moreover, EWCC makes a significant improvement over EWLS, while both EWLS and EWCC set a new record on a twenty-year challenge instance. Further, EWCC performs quite well even on structured instances in comparison to the best exact algorithm we know. We also study the run-time behavior of EWLS and EWCC which shows interesting properties of both algorithms.
The Minimum Vertex Cover (MVC) problem is a well-known combinatorial optimization problem of great importance in theory and applications. In recent years, local search has been shown to be an effective and promising approach to solve hard problems, such as MVC. In this paper, we introduce two new local search algorithms for MVC, called EWLS (Edge Weighting Local Search) and EWCC (Edge Weighting Configuration Checking). The first algorithm EWLS is an iterated local search algorithm that works with a partial vertex cover, and utilizes an edge weighting scheme which updates edge weights when getting stuck in local optima. Nevertheless, EWLS has an instance-dependent parameter. Further, we propose a strategy called Configuration Checking for handling the cycling problem in local search. This is used in designing a more efficient algorithm that has no instance-dependent parameters, which is referred to as EWCC. Unlike previous vertex-based heuristics, the configuration checking strategy considers the induced subgraph configurations when selecting a vertex to add into the current candidate solution. A detailed experimental study is carried out using the well-known DIMACS and BHOSLIB benchmarks. The experimental results conclude that EWLS and EWCC are largely competitive on DIMACS benchmarks, where they outperform other current best heuristic algorithms on most hard instances, and dominate on the hard random BHOSLIB benchmarks. Moreover, EWCC makes a significant improvement over EWLS, while both EWLS and EWCC set a new record on a twenty-year challenge instance. Further, EWCC performs quite well even on structured instances in comparison to the best exact algorithm we know. We also study the run-time behavior of EWLS and EWCC which shows interesting properties of both algorithms. algorithm [45] over a large range of benchmark instances. DLS-MC alternates between phases of iterative improvement and of plateau search, using vertex penalties to guide selecting vertices, and has an instance-dependent parameter called penalty delay. Fortunately, its improved version Phased Local Search (PLS) algorithm, has no instance-dependent parameters and is comparable with or more efficient than DLS-MC for all DIMACS instances [46] . To the best of our knowledge, PLS is still one of the best MC algorithms today. Pullan extends PLS into PLS_MVC and PLS_MIS for MVC and MIS problem [47] , achieving state-of-the-art performance.
Main contributions
In this paper, we propose two new local search algorithms for MVC, namely EWLS (Edge Weighting Local Search), and EWCC (Edge Weighting Configuration Checking), which is an improved version of EWLS. EWLS focuses on finding a partial vertex cover that provides a better upper bound on the size of the minimum vertex cover, and extends it into a vertex cover. It uses an edge weighting scheme, which updates edge weights when stuck in local optima, so that it may discover good candidate solutions hidden behind local optima. As an iterated local search algorithm, in each local search stage EWLS repeatedly swaps a vertex in the partial vertex cover and an end-vertex of an uncovered edge, in order to decrease the total weight of uncovered edges. Also, EWLS employs some other search strategies to improve the quality of local optima. The experimental results show that EWLS achieves excellent performance on a large variety of benchmarks, especially on large and hard instances. On the commonly used DIMACS benchmarks, EWLS is competitive with the state-of-the-art solvers, and outperforms them on most hard instances. On a suite of hard random benchmarks with hidden optimal solutions (BHOSLIB), which is strongly recommended by MC community [23] , EWLS delivers better results than the current best heuristic MC algorithm PLS and the current best MVC heuristic algorithm COVER. Nevertheless, EWLS has an instancedependent parameter, which controls the size of the partial vertex cover.
The second main contribution of this work is an innovative and general heuristic strategy that exploits induced subgraph information to improve the performance of a local search algorithm. The new strategy, called configuration checking, takes into account the induced subgraph configurations when selecting a vertex to add into the current candidate solution: for a candidate vertex to be added v, if the configuration of the subgraph induced by v and its neighbors has not changed since v's last removing, then v should not be added back to the current candidate solution. This is a very interesting alternative to the traditional tabu method to avoid the cycling problem in local search. We successfully combine the configuration checking heuristic into EWLS, resulting in a non-parameter local search algorithm EWCC. EWCC significantly outperforms EWLS and other heuristics on the hard random BHOSLIB benchmarks consistently. It also shows an overall performance improvement on DIMACS benchmarks over EWLS.
In particular, both EWLS and EWCC contribute significantly to instance frb100-40. This challenging instance is generated based on the exact phase transition of model RB [57, 58, 60 ], a successful model of random constraint satisfactory problems (CSP). The story of this challenging instance is as follows 3 : On February 22, 2005, instance frb100-40 was generated and made available online as a challenge for MVC (MIS, MC) algorithms, which is a graph with 4000 vertices and has a hidden optimal vertex cover of 3900 vertices. Based on theoretical analysis and experimental results of smaller instances, the designer of this challenge conjectured that it will not be solved on a PC in less than 24 hours within the next two decades. On July 28, 2005, using a local search SAT solver called Wsatcc, Lengning Liu at the University of Kentucky found a vertex cover of 3904 vertices. On July 4, 2007, using a local search solver called COVER, Silvia Richter at Griffth University found a vertex cover of 3903 vertices [49] . In this paper, our two algorithms EWLS and EWCC both find a vertex cover of 3902 vertices, which therefore sets a new record for this twenty-year challenging problem. Noticing that frb100-40 was generated based on the exact phase transition of random CSP, we believe our heuristics are also promising for solving the hard CSP instances.
In addition, we present the run-time distributions of EWLS and EWCC, which are well approximated by exponential distributions. As a consequence, both algorithms are very robust w.r.t. the cutoff parameters like the maxsteps parameter and thus, the number of random restarts. Hence, they have close-to-optimal parallelization speedup [28, 29] . We also demonstrate the effectiveness of the underlying mechanisms in the two algorithms.
Structure of the paper
The remainder of this paper is organized as follows: we provide some necessary background knowledge in the next section. In Section 3, we present the notions and theory of the edge weighting scheme for solving MVC problem and describe the EWLS algorithm. In Section 4, we give the configuration checking heuristic and introduce the EWCC algorithm which is an improved version of EWLS by utilizing the configuration checking heuristic. Section 5 reports the experimental study of our two algorithms and comparative results to other algorithms, including heuristic algorithms and exact ones. This is followed by a more detailed investigation of the behavior of EWLS and EWCC, and the factors determining their performance in Section 6. Finally, we conclude the paper by summarizing the main contributions and some remarks on future directions in Section 7.
Preliminaries
For convenience, we provide a brief introduction of some necessary notions about graphs used in this paper. Please refer to [10] for more details.
An undirected graph G = (V , E) consists of a vertex set V and an edge set E ⊆ V × V , where each edge is an unordered pair of distinct vertices. The notations V (G) and E(G) denote the vertex and edge sets of graph G, respectively. For an edge e(u, v), u and v are the endpoints of edge e, and endpoint(e) = {u, v}. For a subset M ⊆ E, we write endpoint(M) for e∈M endpoint (e) . N(v) = {u ∈ V | (u, v) ∈ E} is the set of neighbors of a vertex v, and we denote N [v] 
The maximum degree over all vertices of a graph G is denoted by (G). For a subset of vertices X ⊆ V , we use G[ X] to denote the induced subgraph of G whose vertex set is X and whose edge set is the subset of E(G) consisting of those edges with both endpoints in X . The complementary graph of a graph G = (V , E) is the graph G = (V , E) ,
For a set S, we use random(S) to denote a random element of S. An independent set S of a graph G = (V , E) is a subset of V whose elements are pairwise non-adjacent. A clique K of a graph G = (V , E) is a subset of V whose elements are pairwise adjacent. The maximum independent set (maximum clique) problem is to find the maximum sized independent set (clique) in a graph.
Vertex cover is closely related to independent set and clique. A vertex set S is an independent set of G iff V \S is a vertex cover of G; a vertex set K is a clique of G iff V \K is a vertex cover of the complementary graph G. Hence, the MIS problem and MC problem can be reduced to MVC problem. To find the maximum independent set of a graph G, one can find the minimum vertex cover C for G and return V \C . Similarly, to find the maximum clique of a graph G, one can find the minimum vertex cover C for the complementary graph G, and return V \C .
Edge weighting and the EWLS algorithm
In this section we present EWLS, an iterated local search algorithm for the Minimum Vertex Cover problem, based on an edge weighting scheme. EWLS works with a partial vertex cover of a graph G. A partial vertex cover here means a set of vertices to cover all or partial edges in a given graph. A partial vertex cover may leave some edges uncovered; EWLS repeatedly swaps a vertex in the current partial vertex cover and an end-vertex of an uncovered edge, in order to decrease the total weight of uncovered edges. When finding a better partial vertex cover, EWLS extends it into a vertex cover as the current best solution.
Edge weighting scheme
The edge weighting scheme plays an important role in EWLS. Each edge is associated to a positive integer number as its weight, and edge weights of the uncovered edges are increased when stuck in local optima. Note that the edge weighting scheme in EWLS is a more general technique similar to constraint weighting, which is an effective diversification technique for local search and has been widely used in SAT and CSP, for example, clause weighting in SAT [30, 31, 43, 53, 54] . Our results therefore provide further evidence for the effectiveness and general applicability of this algorithmic technique.
Edge weighting scheme in EWLS increases the cost of local optima it meets, to level the cost landscape. As a result, the algorithm may find good candidate solutions hidden behind local optima. To do so, EWLS initializes all edge weights to 1, and maintains a set L of uncovered edges in the following search process. When it gets stuck in a local optimum, for each edge e ∈ L, the edge weight is increased by 1, and then EWLS takes a random step to continue to search from another starting point.
Although the COVER algorithm also makes use of edge weights, EWLS is quite different from COVER. COVER is an iterative best improvement algorithm and updates edge weights in each step, while EWLS is an iterated local search algorithm and updates edge weights only when stuck in local optima.
Formal notions and theoretical basis
Given an undirected graph G = (V , E), a candidate solution is a subset of vertices C ⊆ V . An edge e ∈ E is covered by a candidate solution C if at least one endpoint of e belongs to C .
An edge weighted undirected graph is an undirected graph G = (V , E) combined with a weighting function w so that each edge e ∈ E is associated with a positive integer number w(e) as its weight. We use a triple (V , E, w) to denote an edge weighted undirected graph, where (V , E) is an undirected graph.
Let w be a weighting function for G. Then, we set cost(G, C ) = e∈E and e is not covered by C w(e) which indicates the cost of C , that is, the total weight of edges not covered by C . where
For a vertex
measuring the benefit of swapping u and v. During the search procedure, EWLS always maintains a current candidate solution C and a set L of edges not covered by C . The step to a neighboring candidate solution consists of swapping two vertices: a vertex u ∈ C is removed from C , and 
otherwise.
EWLS calculates the score of a swapping vertex pair according to Lemma 1. We give the proof of Lemma 1 in Appendix A. Partial vertex cover is an important notion in EWLS, and it is defined as follows:
Clearly, a (k, 0)-partial vertex cover is a k-vertex cover, as it covers all edges by the definition. Generally, a (k, t)-partial vertex cover can be extended into a vertex cover whose size is at most k + t, since we need at most t vertices to cover t edges. A (k, t)-partial vertex cover can be denoted by a k-sized vertex set P ⊆ V and a t-sized set L ⊆ E of edges not covered by P . According to the definition of partial vertex cover, we have the following lemma.
Lemma 3. Given a graph G = (V , E), a (k, t)-partial vertex cover of G provides an upper bound that equals k + t on the size of the minimum vertex cover of G.
Example 4. In Fig. 1 , the solid vertices are selected for covering and the weight of each edge is labeled. The current candidate 
Description of EWLS algorithm
An essential idea underlying EWLS is to find a partial vertex cover that can be extended into an optimal vertex cover. To do so, we adopt a general framework as follows. Whenever finding a partial vertex cover that provides a better upper bound, EWLS extends it into a vertex cover and stores it as the best vertex cover it has found. Then EWLS removes some vertices from the current partial vertex cover C , and goes on to find a new upper bound. In this way, the MVC problem is transformed into a series of new problems: given a graph G = (V , E) and an integer number k, to find a (k, t)-partial vertex cover that minimizes t, i.e., the number of uncovered edges. EWLS solves these problems using an iterated local search scheme, which applies a local search stage to an initial candidate solution until it meets a local optimum; then it perturbs the final candidate solution and executes the next stage.
Based on the above considerations, we outline the EWLS algorithm (Algorithm 1), as described below:
In the beginning, EWLS creates two set variables L and UL. L is the set of uncovered edges; and UL ⊆ L is the set of those unchecked by ChooseSwapPair in the current local search stage. Both of them are set to E. Moreover, edge weights are initialized as 1, and dscores of vertices are computed accordingly. Also, to construct the current candidate solution C , a loop is executed until C becomes a vertex cover. In each iteration, the vertex with the highest dscore is added to C (breaking ties randomly). Finally, the upper bound ub is initialized as |C|, and the best solution C * is initialized as C . Whenever finding a new upper bound, EWLS selects vertices with the highest dscore in C (breaking ties randomly) and removes them until |C| = ub − delta. We note that, in C , the vertex with the highest dscore has the minimum absolute value of dscore since all these dscores are negative. After the initialization, the loop (lines [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] ) is executed until a limited number of steps denoted by maxSteps is reached. In each iteration, if ChooseSwapPair successfully finds a pair of vertices to swap, then an improving step is executed by swapping the two vertices (line 10). If ChooseSwapPair fails, which means EWLS gets stuck in a local optimum, then the edge weights are updated by incrementing the weights of all edges in L, by one (line 12). After updating the edge weights, C is perturbed by a random step, which swaps a random vertex u ∈ C and a random vertex v ∈ endpoint(L) (line 13). EWLS employs a two-step random process (first picking an uncovered edge randomly, and then picking an end-vertex of that edge randomly) to pick a random vertex v ∈ endpoint(L). EWLS keeps track of the vertices last inserted into C and last removed from C , and prevents them from being rolled back immediately (lines [14] [15] .
At the end of each step, if a new upper bound is found, EWLS will do some updatings (lines [16] [17] [18] [19] [20] [21] [22] [23] . The upper bound ub is updated (line 17), and the best solution C * is updated in one of two ways (lines [18] [19] [20] [21] [22] . If L = Ø, which means C is a vertex cover, C * is set to be C ; otherwise, EWLS extends C into a vertex cover by constructing a vertex set C + that covers the uncovered edges, and C * is updated as C ∪ C + . EWLS uses a greedy strategy to construct C + , which chooses a vertex that covers most uncovered edges each time. Finally, EWLS selects vertices with the highest dscore in C and removes them to maintain |C| = ub − delta, and continues to search for a better upper bound (line 23).
Further comments on EWLS
In this section, we give some more comments on the EWLS algorithm. We present the ChooseSwapPair function, which gives details of how EWLS selects the exchanging vertex pair. We also present the data structure of the edge sets L and UL, and show the details of maintaining these two sets. An intuitive explanation is also given on the specific strategy for removing vertices when adjusting the size of current partial vertex cover. Finally, we end this section by drawing a summary of EWLS. 
The ChooseSwapPair function
The most important part of EWLS algorithm is the function ChooseSwapPair. Its pseudo code is given in Algorithm 2.
In EWLS, the age of an uncovered edge is the current step number minus the step number at which the edge became uncovered most recently. For example, let the uncovered edge set L = {e 1 , e 3 } at the 100th step; the last time e 1 became uncovered is at the 30th step, and the last time e 3 became uncovered is at the 51th step. Then we say e 1 's age is 70, and e 3 's age is 49; thus e 1 is older than e 3 .
The ChooseSwapPair function chooses a pair of vertices under the constraints u = tabuRemove, v = tabuAdd and score (u, v) > 0, where u ∈ C and v ∈ endpoint(L). When choosing the vertex v to put into C , the function prefers endpoints of older uncovered edges. In detail, it first checks the oldest edge e oldest in L (refer to e i|L| in Fig. 2 ). If there exist vertex pairs (u, v) that satisfy the constraints (line 3), the function returns one of them randomly. Otherwise, it checks the edges in UL, according to the order from old to young. If for some edge e ∈ UL, there exist vertex pairs (u, v) that satisfy the constraints (line 7), then the function returns one of them randomly. Finally, if the function fails to find such a vertex pair, it then returns (0, 0).
Maintaining L and UL
To maintain the set L of uncovered edges, we employ a doubly linked list. During the search procedure, when an edge becomes uncovered, it is inserted into the head of the list, and hence the age of edges in L increases in the order from head to tail. As mentioned before, UL ⊆ L is the set of those unchecked by ChooseSwapPair in the current local search stage.
At the beginning of each local search stage we reset UL as L, while as the search goes on, we use a pointer to distinguish UL from the checked edges (Fig. 2) . Note that whenever an edge becomes uncovered and is inserted into the list, it is considered unchecked. Therefore, in our actual implementation, UL contains the edges that remain unchecked after their latest insertions into the list.
Removing vertices for adjusting the size of partial vertex cover
Whenever a new upper bound on the size of the minimum vertex cover is found, EWLS decreases the size of the current partial vertex cover C by removing vertices with the highest dscore from C until |C| = ub − delta.
One may notice that a greedy way for adjusting the size of C is to obtain C from C * by removing vertices with the highest dscore from C * until |C| = ub − delta. However, when finding a new upper bound (|C | + |L| < ub), we have |L| < delta since |C| + delta = ub always holds during the search. We shall illustrate in Section 6.3 that the optimal delta is a small number (usually not bigger than 4); thus, when finding a new upper bound, L contains very few edges. So there are unlikely common vertices among these uncovered edges, which means C + contains |L| vertices, each for one uncovered edge. Hence, by removing a vertex v ∈ C + from C * , we just make one edge become uncovered, as a result the vertices in C + are likely to have the higher dscores (the smaller absolute value of dscore) than those in C . Therefore, for convenience, we directly remove those vertices with the highest dscore from C until |C| = ub − delta, which can be seen as a two-phased procedure: (1) removing all vertices in C + from C * ; (2) removing those vertices with the highest dscore from the remaining vertices in C * , until there are (ub − delta) vertices left, which constitute the new current partial vertex cover.
To sum up, EWLS strikes a balance between guided search and the diversity. In each step, candidate vertex pairs for swapping are chosen according to an improving heuristic; however, one of them is selected randomly to swap. Moreover, the old-to-young search strategy makes EWLS prefer to cover old uncovered edges, which keeps L lively so that the search region in each local search stage is wide enough for the algorithm to reach a local optimum of high quality. Also, EWLS takes a random step when stuck in local optima to provide additional diversification. Finally, the edge weighting scheme makes EWLS unlikely to converge in a small region by filling up the local optima.
Configuration checking and the EWCC algorithm
In this section, we propose a novel strategy called configuration checking for handling the cycling problem in local search. This significant strategy is used to improve the EWLS algorithm, resulting in a new non-parameter local search algorithm EWCC.
Configuration checking
Most successful heuristics for MVC (MIS, MC) adopt hill-climbing heuristics [2, 4, 8, 22, 23, 35, 45, 46, 49] , i.e., the search is led towards candidate solutions consisting of the best (or better) vertices under their evaluations. These hill-climbing heuristics may easily encounter the cycling phenomenon, i.e., returning to a candidate solution that has been visited recently. This is because the vertices of high evaluation are likely to be added back to the current candidate solution no long after its last removing. This cycling phenomenon wastes a local search much time and also prevents it from getting out of local minima.
The cycling problem is an inherent problem of local search as the method does not allow our algorithms to memorize, in a compact way, all previously visited parts of the search space. Moreover, it is impractical to incorporate local search with an additional mechanism to remember all previously visited candidate solutions, which requires exponential space and huge time consumption for checking.
To overcome the cycling problem, some naive methods such as random walk and non-improving moves are incorporated into local search algorithms. Besides, a simple trick called tabu was proposed by Glover [19, 20] and widely used in local search algorithms [4, 41, 49, 51] . To prevent the local search to immediately return to a previously visited candidate solution and to avoid cycling, the tabu mechanism forbids reversing the recent changes, where the "strength" of forbidding is controlled by a parameter called tabu tenure. Recently, a deterministic exploitation strategy which relies on the so-called promising decreasing variables was proposed by Li and Huang in [37] . This strategy in some way can reduce the cycling problem of local search algorithms for SAT. When selecting variables to flip, this deterministic exploitation prefers promising decreasing variables. The exploitation strategy based on the notion of promising decreasing variable has been used in most wining local search algorithms in the recent SAT competitions. This indicates that successfully handling the cycling problem can significantly influence the performance of local search algorithms.
Although a number of methods have been proposed for handling the cycling problem of local search, for all heuristic algorithms we know, the vertices to add into the current candidate solution are selected solely based on vertex information such as degrees [34, 35] , penalties [45, 46] , and scores [8, 49] , etc. Here we propose a method which as we know is the first time that takes into account the vertices' circumstance. As we mentioned before, it is impractical to remember all previously visited candidate solutions. To make it practicable, a compromising method is to remember each vertex's circumstance information and prevent a vertex to get into the circumstance it just leaves. The intuition behind this idea is that by reducing cycles on local structures of the candidate solution, we reduce cycles on the whole candidate solution.
The above considerations results in a novel heuristic strategy called configuration checking that considers the induced subgraph configuration when selecting the vertex to be added. The configuration checking strategy is based on the concept configuration, which denotes a vertex's circumstance. Note that there are different versions of definition of configuraion for various application scenarios of the configuration checking heuristic, which mainly includes the unweighted version, the edge weighted version, and the vertex weighted version. We give the definitions of configuration for the unweighted version and the edge weighted version as follows.
Definition 5.
Given an undirected graph G = (V , E) and C the current candidate solution, the state of a vertex v s v ∈ {1, 0}, where s v = 1 means v ∈ C , and s v = 0 means v / ∈ C .
Definition 6 (Configuration of unweighted version).
Given an undirected graph G = (V , E) and C the current candidate solution, the configuration of a subgraph H of G is a vector S H consisting of state of all vertices in H .
Definition 7 (Configuration of edge weighted version).
Given an edge weighted undirected graph G = (V , E, w) and C the current candidate solution, the configuration of a subgraph H of G is a two-tuples S H , W H , where S H is a vector consisting of state of all vertices in H , and W H is a vector consisting of weight of all edges in H .
Similarly, configuration of vertex weighted version can be defined.
As is usually the case, suppose the local search procedure maintains a current candidate solution C , the configuration checking heuristic can be described as following: when selecting a vertex to add into C , for a vertex v / ∈ C , if the configuration of the induced subgraph G[N [v] ] (recalling the definitions in Section 2) has not changed since v's last removing from C , which means the circumstance of v has not changed, then v should not be added back to C . This strategy is reasonable in terms of avoiding cycles; otherwise, the algorithm is led to a scenario it has recently faced to, which is likely to cause a cycle. Different from previous heuristics which usually refer to the vertex information but neglect its circumstance in making decisions, the configuration checking heuristic takes vertices' circumstance into account. It appears reasonable and helpful to incorporate such a circumstance-concerning strategy to the traditional vertex-based heuristics, as the best decision on a vertex should come from not only its evaluation, but also its circumstance, such as the community it belongs to and the relationship with the community. As mentioned before, the configuration checking strategy is proposed to handle the cycling problem in local search -in this sense it provides an interesting alternative to the standard use of tabu mechanism to avoid the cycling problem in combinatorial search problems.
The EWCC algorithm
The configuration checking strategy is tested by implementing it within the EWLS algorithm. This results into a new local search algorithm EWCC that requires no instance-dependent parameters. We adopt the edge weighted version of configuration, as EWLS utilizes an edge weighting scheme which updates edge weights of uncovered edges when stuck in local optima. Experimental results show that EWCC makes a significant improvement over EWLS on a wide range of instances.
Maintaining configuration changing information
In order to implement the configuration checking strategy in EWLS, we employ an array confChange, whose ele-
has changed since v's last leaving C ; and confChange [v] = 0 on the contrary. We maintain the confChange array as follows:
• Note that the configuration checking strategy is used to decide whether or not a vertex v / ∈ C can be added into C , judged from the value of confChange [v] . So we do not update confChange [v] for a vertex v ∈ C in the above maintaining scheme, since it is not necessary.
Description of EWCC algorithm
With the configuration checking strategy, we develop an iterated k-vertex cover algorithm EWCC (abbreviatory for Edge Weighting Configuration Checking), which is obtained from EWLS by applying subtle but significant modifications. An algorithmic description of EWCC is presented in Algorithm 3. EWCC follows the same overall procedure as EWLS; however, it has two distinguishing features as described below:
• EWCC does not utilize the tabu mechanism on selecting the vertex for adding in a swapping step as EWLS; instead, it uses the configuration checking strategy to avoid the cycling problem (see Algorithm 4). We will see from the experimental results that the configuration checking heuristic is more efficient than the tabu mechanism.
• EWCC does not have the delta parameter, in other words, EWCC does not utilize the partial vertex cover concept. Indeed, this parameter is set to 1 permanently in EWCC, which means EWCC is an iterated k-vertex cover algorithm -when finding a k-vertex cover, it removes one vertex from C and goes on to search for a (k − 1)-vertex cover, and hence it updates the current best solution in a straight-forward way (lines 16-18).
We conducted a few experiments to study the performance of these two heuristics, and found that the partial vertex cover concept did not significantly improve the performance of EWCC. It would be interesting to find out why the configuration checking and the partial vertex cover heuristics do not cooperate well. We leave this direction of investigation for future work.
Empirical results
In this section, we first present a brief introduction to the benchmarks we adopted, and describe some preliminaries about our experiments. Then, we divide the experiments into four parts. The purpose of the first part is to demonstrate the performance of EWLS and EWCC in detail, and also to assess the effectiveness of the configuration checking strategy. The second part is to compare EWLS and EWCC with other state-of-the-art heuristic algorithms, and the third and fourth parts are to compare EWCC with the state-of-the-art exact algorithms and SAT solvers respectively. 
The benchmarks
Having a good set of benchmarks is fundamental to demonstrate the effectiveness of new solvers. We use two widely studied well-known benchmark sets in MVC (MIS, MC) research, the DIMACS benchmarks and the BHOSLIB benchmarks. Most of the DIMACS instances are structured ones, while the BHOSLIB instances are random ones of high difficulty.
DIMACS benchmarks
The DIMACS benchmarks are taken from the Second DIMACS Implementation Challenge (1992-1993). 4 Thirty seven graphs were selected by the organizers for a summary to indicate the effectiveness of algorithms, comprising the Second DIMACS Challenge Test Problems. These DIMACS MAX-CLIQUE instances were generated from real world problems such as coding theory, fault diagnosis problems and Keller's conjecture, etc., in addition to randomly generated graphs and graphs where the maximum clique has been hidden by incorporating low-degree vertices. These problem instances range in size from less than 50 vertices and 1000 edges to greater than 3300 vertices and 5,000,000 edges. The DIMACS benchmarks have been widely used for MVC, MIS and MC algorithms [2, 4, 8, 22, 23, 35, 45, 46, 49] .
BHOSLIB benchmarks BHOSLIB (Benchmarks with Hidden
Optimum Solutions) is a suite of hard random benchmarks, which arises from the SAT'04 Competition. 5 These 40 BHOSLIB instances were translated from SAT instances which were generated randomly in the phase transition area according to the model RB [58] . Generally, those phase-transition instances generated by model RB have been proven to be hard both theoretically [59] and practically [57, 60] . The BHOSLIB benchmarks are famous for their hardness and so influential as strongly recommended by the MC community [23] . They have been widely used in the recent literature as a reference point for new heuristics to MVC, MIS and MC. 6 Besides these 40 instances, there is a large instance with 4000 vertices and 572,774 edges, which is designed for challenge.
Experiment preliminaries
Before we discuss the experimental performance results, let us introduce some preliminary information about our experiments.
• Implementation: Both EWLS and EWCC are implemented in C++; the alternative heuristic solvers are also implemented in C++ by their authors. We compile all these 4 solvers by the g++ compiler with the '-O2' option.
• Computing platform: All experiments were run on a 3 GHz Intel Core 2 Duo CPU E8400 and 4 GB RAM under Linux.
To execute the DIMACS machine benchmarks, 7 this machine required 0.193 CPU seconds for r300.5, 1.118 CPU seconds for r400.5 and 4.242 CPU seconds for r500.5.
• Termination criterion: Most empirical results on the performance of algorithms found in the literature are in the form of statistics on the solution quality and the average CPU time over successful trials obtained after a fixed run-time. This is a direct way to compare the efficiency of different algorithms, and is adopted in algorithm competitions such as the SAT competitions and MAX-SAT evaluations. We also adopt this termination criterion. In our experiments, each run terminates upon reaching a given cutoff time.
• Result reporting methodology: For each instance, each algorithm performs 100 independent runs within a cutoff time with different random seeds. We report the following information: the optimal (or minimum known) vertex cover size (k * ); the cutoff time ("CT"); the number of successful runs in which a solution of size k * is found ("suc"); and the run-time in CPU seconds to find the best solution averaged over all successful runs ("time"). The results in bold indicate the best performance for an instance.
In the detailed performance report of our two algorithms (Section 5.3), we also report the number of steps to find the best solution averaged over all successful runs, and the optimized delta (d) for EWLS. Table 1 illustrates the performance of EWLS and EWCC on the DIMACS benchmarks. Most instances are very easy and they can be solved by both algorithms within 1 second. In 34 of the 37 instances, EWLS and EWCC find an optimal (or best known) solution. Note that 2 of the 3 failed instances are brock graphs. Furthermore, of the 34 successful instances, EWLS and EWCC do so consistently, i.e. in all 100 runs for 32 and 31 instances respectively. Overall, both algorithms achieve excellent results but for the special brock artificial graphs. The instances where the optimal size is not reached consistently by both algorithms are summarized in Table 2 .
Performance of EWLS and EWCC

Performance on DIMACS benchmarks
As is clear from Table 1 , EWCC outperforms EWLS on most instances, including some hard instances such as the brock instances, C 2000.9, and keller6. Nevertheless, EWCC shows a significant degraded performance on two MANN instances.
Since the only algorithmic difference between EWCC and EWLS is that EWCC employs the configuration checking strategy instead of the tabu mechanism on choosing a vertex to add into the current candidate solution, we attribute the performance improvement to the configuration checking strategy reducing cycling steps. An empirical evidence for this conjecture is that EWCC shows an improvement in step performance over EWLS on most DIMACS instances. Table 3 presents performance of EWLS and EWCC on the hard random BHOSLIB benchmarks. Both EWLS and EWCC successfully solve all BHOSLIB instances in terms of reaching an optimal solution, and the worst solution they find never exceeds k * + 1. Moreover, referring to other works on this suite of benchmarks, 8 including those on the equivalent benchmarks for other problems such as SAT, MAXSAT, CSP, etc., EWCC and EWLS solve the most instances with 100% success rate (29 of 40 instances) while requiring less time.
Performance on BHOSLIB benchmarks
As can be seen from Table 3 , EWCC shows a significant improvement over EWLS. We emphasize that EWCC has no instance-dependent parameter while the performance of EWLS is given by optimizing the delta parameter. For instances Table 1 Results on DIMACS benchmarks. To obtain a meaningful comparison, k * for C 2000.9 is set to 1921 which is known to be 1920, obtained within 10 9 steps, 9 hours [23] . In order to maximize the probability of reaching the optimal solution in every run, the cutoff time for C 2000.9, C 4000.5 and two large MANN instances is set to 2400 seconds. 776 1000 1 0 n/a n/a 0 n/a n/a brock800_4 774 1000 1 0 n/a n/a 0 n/a n/a Table 2 Results of DIMACS instances where the optimal size was not reached consistently within the cutoff time by both EWLS and EWCC. Size = min(average, max) vertex cover size; Suc = number of runs which find the best solution; run-time and steps are averaged over all runs that find the best solution. solved by both algorithms with 100% success rate, EWCC always finds an optimal solution more quickly. For other instances, EWCC succeeds in more runs than EWLS, except frb59-26-2. Again, as in the DIMACS benchmarks, EWCC shows an improvement in step performance on BHOSLIB instances, which is more significant -from frb35-17-2 on, for instances solved by both algorithms with 100% success rate, EWCC always spends less steps, except frb56-25-3. Based on these results, we conjecture that the configuration checking strategy is effective in reducing cycling steps in local search. On the other hand, noticing that EWCC performs more steps but a little faster on frb56-25-3, one might speculate that the good performance of EWCC is a consequence of more efficient implementation. However, EWCC is actually implemented on the codes of EWLS, just by adapting a few codes for the configuration checking strategy. The real reason of the small disagreement between time performance and step performance is that EWLS sets a large delta to perform well for this instance, which results in a large L, and hence large complexity per step, as we will discuss the impact of the delta parameter on the performance of EWLS in Section 6.3.
New record for the 20-year challenge instance
For the challenge instance frb100-40, which has a minimum vertex cover of size 3900, the designer of the BHOSLIB benchmarks conjectured in 2005 that this instance would not be solved on a PC in less than 24 hours within the next two decades. 9 The last best known 3903-solution was established by the solver COVER on July 4, 2007. More specifically, the author ran the solver 100 times with different seeds. Of those 100 runs, 25 found a solution of size 3903, and the other runs all found a solution of size 3904. Of the 25 successful runs that found the better solution, the quickest one did so in 71.09 seconds while the median run-time was 1193.92 seconds. 7 It should be noted that COVER runs by given k * in advance, which makes the problem easier but is not natural for MVC. Table 4 Comparative results on DIMACS benchmarks. To obtain a meaningful comparison, k * for C 2000.9 is set to 1921 which is known to be 1920. In order to maximize the probability of reaching the optimal solution in every run, the cutoff time for C 2000.9, C 4000.5 and two large MANN instances is set to 2400 seconds. We run EWLS (with delta = 6) and EWCC 100 independent trials given cutoff time 4800 seconds on this instance, respectively. For EWLS, 4 runs find a 3902-sized vertex cover, or equivalently, a 98-sized independent set (reported in Appendix B) with the average time of 2823.05 seconds and the quickest one does so in 1239.87 seconds, and 59 runs find a 3903-sized solution with average time of 2470.39; the remaining runs all find a 3904-sized solution. For EWCC, 1 run finds a 3902-sized vertex cover in 2856.43 seconds, and 82 runs find a 3903-sized solution with average time of 2145.09 seconds; the remaining runs all find a 3904-sized solution.
Graph
Comparison with other heuristics
We compare our algorithms with the following two heuristic algorithms:
• PLS [46] : Heuristic Max-Clique algorithm. It is the improved version of the stochastic local search algorithm DLS-MC [45] . Shown in [45] , DLS-MC dominates other state-of-the-art MaxClique solvers over a large range of the DIMACS instances. While in [46] , PLS is compared directly with DLS-MC by measuring performance using the same techniques as utilized in [45] , and the results indicate that PLS is comparable or more efficient than DLS-MC for all DIMACS instances. Therefore, PLS can be regarded as one of the best MC heuristic algorithms (to the best of our knowledge).
• COVER [49] : Heuristic Minimum Vertex Cover algorithm. It is proposed in [49] , which was one of the three candidates of the Springer Best Paper Award at the 30th Annual German Conference on Artificial Intelligence. 10 Shown by experimental results [49] , COVER is competitive with the state-of-the-art stochastic local search algorithm DLS-MC on DIMACS benchmarks and is the best algorithm on the BHOSLIB benchmarks as we know. Specially, it establishes new records on three very large problem instances -MANN_a45, MANN_a81, and the challenge instance frb100-40.
To sum up, PLS and COVER are the best known heuristic algorithms to date in literature for the MC and the MVC problem respectively. Also the best MIS heuristic algorithm we find in literature [2] is also dominated by DLS-MC (also by PLS) except two MANN instances. Therefore, we consider these two algorithms (PLS and COVER) as the most suitable candidates to be used in our comparative study.
Comparative results on DIMACS benchmarks
The comparative results on the Second DIMACS Challenge Test Problems are shown in Table 4 . Most DIMACS instances are too easy for a modern solver. The instances not appearing in the table are solved by all solvers with 100% success rate within 4 seconds. Overall, the results from the comparative performance on these DIMACS instances can be summarized as follows:
• EWLS is dominant for the MANN_a45 and MANN_a81 instances.
• EWCC is dominant for the C 2000.9, keller6 and gen400_p0.9_55 instances.
• PLS is dominant for four brock instances, the C 4000.5 and p_hat1500-1 instances.
The results show EWLS and EWCC are competitive with PLS, given the fact that they perform better on some hard instances but fail on a class of artificial graphs (brock). Particularly, the performance of EWLS on two large MANN instances and the performance of EWCC on keller6 are (as far as we know) the best reported, and indicates a significant improvement on the best known algorithms (PLS and COVER) in literature. Nevertheless, EWLS, EWCC and COVER all fail on some brock graphs which are generated by explicitly incorporating lowdegree vertices into the optimal vertex cover to defeat greedy heuristics. Indeed, most algorithms preferring higher-degree vertices such as GRASP, RLS, and k-opt also failed in these graphs. Remark that, PLS performs well on brock family because it comprises three sub-algorithms, one of which favors the lower degree vertices.
Comparative results on BHOSLIB benchmarks
Comparative results on BHOSLIB benchmarks are shown in Table 5 . For concentrating on the considerable gaps in comparisons, we do not report the two groups of small instances (frb30, frb35), as they can be solved in a few seconds, and the corresponding results are consistent with Table 5 . Table 5 illustrates that EWCC and EWLS are the best two algorithms for the BHOSLIB benchmarks. EWCC is the best solver for all instances in terms of both quality and run-time, with the exceptions of frb40-19-4 whose dominant algorithm is COVER, and frb59-26-2 whose dominant algorithm is EWLS. The results undoubtedly demonstrate that EWCC delivers the best performance on the BHOSLIB benchmarks, which remains justifiable when referring to other works on this suite of benchmarks, 11 including those on its equivalent benchmarks of other problems, such as SAT, MAXSAT, CSP, etc.
Comparison with exact algorithms
Generally, exact algorithms and local search algorithms are somewhat complementary in their applications. As is usually the case, exact algorithms perform better on structured instances while local search algorithms perform better on random ones. For example, this phenomenon is typical in SAT solving, which is clear from the results of SAT competitions. 12 A natural question is then whether this phenomenon also happens in MVC (MIS, MC) solving.
11 http://www.nlsde.buaa.edu.cn/~kexu. 12 http://www.satcompetition.org/. For these three problems MVC, MIS and MC, most of exact algorithms are designed for the MaxClique problem [9, 13, 39, 40, 44, 48, 55] . The recent branch-and-bound MC algorithm called MaxCLQ which utilizes MaxSAT technologies to improve upper bounds [39] shows a considerable progress. The evaluation in [39] on some random graphs and the DIAMCS benchmarks indicates MaxCLQ significantly outperforms previous exact MC algorithms. Further, the MaxCLQ algorithm is improved using two strategies called Extended Failed Literal detection and Soft Clause Relaxation, resulting in a better algorithm denoted by MaxCLQdyn + EFL + SCR [40] . Due to the great success of MaxCLQdyn + EFL + SCR, we compare our algorithm only with MaxCLQdyn + EFL + SCR.
We compare EWCC with MaxCLQdyn + EFL + SCR on the DIMACS benchmarks. The results of MaxCLQdyn + EFL + SCR is taken from [40] . MaxCLQdyn + EFL + SCR is not evaluated on the BHOSLIB benchmarks which are harder and require more effective technologies for exact algorithms [40] .
The run-times of MaxCLQdyn + EFL + SCR are obtained on a 3.33 GHz Intel Core 2 Duo CPU with Linux and 4 GB memory, which required 0.172 seconds for r300.5, 1.016 seconds for r400.5 and 3.872 seconds for r500.5 to execute the DIMACS machine benchmarks [40] . The corresponding run-times for our machine is 0.193, 1.118, 4.242. So, we multiply the reported run-times of MaxCLQdyn + EFL + SCR by 1.098 (= (4.242/3.872 + 1.118/1.016)/2 = 1.098, the average of the two largest ratios). This normalization is based on the way established in the Second DIMACS Implementation Challenge for Cliques, Coloring, and Satisfiability, and is widely used for comparing different MaxClique algorithms [39, 40, 45, 46] . Table 6 presents the performance of EWCC and MaxCLQdyn + EFL + SCR on the DIMACS benchmarks. Those instances that can be solved in 1 second by both algorithms are not reported.
The results suggest that EWCC is much better on random instances such as the p_hat and sanr instances. We believe that EWCC outperforms MaxCLQdyn +EFL+SCR on other hard random benchmarks like BHOSLIB ones, as MaxCLQdyn +EFL+SCR are not evaluated due to their high hardness [40] , while EWCC performs well.
For hard structured instances, we note that MaxCLQdyn + EFL + SCR is mainly evaluated on the brock instances where EWCC performs worst, but not evaluated on the five open DIMACS instances (MANN_a81, hamming10-4, johnson32-2-4, keller6, and p_hat1500-3) [40] . Although MaxCLQdyn + EFL + SCR overall performs better, EWCC also outperform MaxCLQdyn + EFL + SCR significantly on some structured instances, such as the two brock instances and the keller5 instance.
Moreover, local search algorithms based on the vertex penalty mechanism such as DLS-MC [45] and PLS [46] significantly outperform MaxCLQdyn + EFL + SCR on the brock instances.
Based on the comparative results, we conclude that in MVC (MIS, MC) solving, local search algorithms are significant better at random instances. More interestingly, local search algorithms are competitive with exact algorithms on structured instances.
Comparison with SAT solvers
We also compare the performance of EWCC with the results from the SAT Competition 2004, as some corresponding SAT instances of the BHOSLIB benchmarks were also used as handmade benchmarks for the SAT Competition 2004 (55 SAT solvers). 13 The SAT Competition 2004 was based on a two-stage ranking. In the first stage, all 55 solvers were run on each instance one time within 600 seconds. The competition ran on two clusters of Linux boxes. One was composed of Athlon 1800+ with 1 GB memory, and the other was composed of Intel Xeon 2.4 GHz with 1 GB memory [5] . In order to obtain a meaningful comparison, the cutoff time for EWCC is set to be 300 seconds (half of the cutoff time in the first stage of the competition) for each instance. The reader may be concerned by the fact that such a scaling may lead to some loss of accuracy, nevertheless the considerable differences are indeed worthwhile to note. As can be seen from Table 7 , EWCC achieves a significant improvement on the results of SAT Competition 2004. Table 7 EWCC performance as compared to SAT Competition 2004 for the BHOSLIB benchmarks. The cutoff time for EWCC is set to be 300 seconds in this table. For each instance, the number of SAT solvers (from a total of 55 solvers) in the first stage of the SAT 2004 Competition that were able to solve the corresponding SAT problem, the number of successful trials (from a total of 100) in which EWCC located the optimal minimum vertex cover, and the average time over these successful trials are shown. 
Discussion
In this section, we perform additional empirical analysis to gain a deeper understanding of the run-time behavior of our two algorithms and the efficacy of their underlying mechanisms. Specifically, we explore the variability in run-time between multiple independent runs on the same problem instance; the effectiveness of the edge weighting scheme; the impact of the delta parameter on the performance of EWLS; the efficacy of the old-to-young strategy; and more insights into the configuration checking strategy.
Variability in run-time
The variability of run-time between multiple independent runs on a given instance is an important aspect of the behavior of stochastic local search algorithms. Hoos and Stützle proposed a methodology for studying this aspect based on runtime distributions (RTDs) and run-length distributions (RLDs) [28, 29] , which has been widely used in empirical analysis of stochastic local search algorithms in AI community [27, 45, 51, 56] . We follow this methodology for our analysis.
The investigation is performed using two DIMACS instances and two BHOSLIB instances. For DIMACS benchmarks, we select C 1000.9 and p_hat1500-1, both of which are of reasonable size and difficulty. C 1000.9 is a density graph and p_hat1500-1 has a wide vertex degree range. For BHOSLIB benchmarks, frb53-24-5 and frb59-26-5 are selected. They are typical instances for studying the variability of run-time of EWLS and EWCC since they are neither too easy that can be solved very quickly nor too hard to reach a good success rate.
The empirical RTD and RLD graphs of EWLS and EWCC are shown in Figs. 3 and 4 , for the DIMACS instances and BHOSLIB instances respectively (each instance is based on 100 independent runs that all reached the respective optimal solution). According to the graphs, both EWLS and EWCC show a large variability in run-time (also in run-length). This observation of exponential RLDs and RTDs is consistent with similar results for other high performance SLS algorithms, e.g., for MaxClique [45] , for SAT [27, 28] , for MAXSAT [51] , and for scheduling problems [56] . By the arguments [27] [28] [29] made for stochastic local search algorithms that characterized by an exponential RTD (and RLD), we conclude that, for EWLS and EWCC, the probability of finding an optimal solution within a fixed amount of time (or steps) does not depend on the number of search steps done in the past. Consequently, they are robust w.r.t. the cutoff parameters like the maxsteps parameter and thus, the number of random restarts. Hence, performing multiple independent runs of them in parallel will result in close-to-optimal parallelization speedup. Similar observations were made for most of the other difficult DIMACS instances and BHOSLIB instances.
These RTD and RLD graphs show that EWCC outperforms EWLS, which is more significant on the two BHOSLIB instances. This is also demonstrated by Tables 1 and 3 in Section 5.
The effectiveness of edge weighting scheme
We have demonstrated the effectiveness of the configuration checking strategy by comparing the performance of EWLS and EWCC, which shows that EWCC outperforms EWLS significantly on most DIMACS benchmarks and BHOSLIB benchmarks. Here we study the effectiveness of the edge weighting scheme in the same way, by comparing the performance of EWLS and its alternative version which we refer as EWLS 0 without edge weighting scheme. EWLS 0 works all the same with EWLS, except for not updating the edge weights (that is, deleting line 12 in Algorithm 1), in other words, the edge weight of each edge is always 1 during the search procedure. See Table 8 .
We perform EWLS 0 on several hard instances with the optimal delta parameter settings. The results show that the performance of EWLS 0 degrades significantly on these hard instances. We also perform EWLS 0 on frb100-40 and 12% runs find a 3903-sized solution while none finds a 3902-sized solution. Based on these results, we conclude that the edge weighting scheme plays a key role in EWLS.
The delta parameter
The delta parameter is a non-adaptive parameter that should be provided in order to execute EWLS. This parameter influences the performance of EWLS by controlling the size of the current candidate solution, i.e., the current partial vertex cover. Specifically, EWLS adjusts the size of the current candidate solution C during the search process to maintain the
An investigation about the delta parameter is performed using 4 DIMACS benchmarks and 4 BHOSLIB benchmarks. For DIMACS benchmarks, we select brock400_4, C 2000.5, MANN_a81 and p_hat1500-1, which are from different classes and of appropriate hardness, and cover all optimal values of delta that appear in DIMACS benchmarks. For BHOSLIB benchmarks, frb50-23-3, frb53-24-2, frb56-25-3 and frb59-26-1 are selected, which are of different sizes and different hardness, and cover all optimal values of delta that appear in BHOSLIB benchmarks. We run EWLS with different values of delta within the same cutoff time for each of these 8 instances.
The performance of EWLS with different values of delta on the representative instances is reported in Table 9 . The results illustrate that the delta parameter has a big impact on the performance of EWLS. The optimal setting for the delta parameter varies between different instances; consequently, considerable manual tuning is typically required to obtain good performance. Besides, unsurprisingly, we found from the experiments that for the same instance, the optimal value of delta varies between different runs (each run is denoted by its random seed). Therefore, adjusting the value of delta automatically during the search procedure not only makes EWLS more applicable by eliminating this parameter, but also helps it perform better at each run. From Table 9 , we have the following observations, which may be helpful for doing this.
• As the value of delta increases, complexity per step increases; in some cases, increasing the value of delta appropriately can accelerate the speed of converging to an optimal solution and improve the success probability.
Intuitively it can be explained as follows. According to |C| = ub − delta, a larger delta results in a smaller C , which leaves more uncovered edges. Note that ChooseSwapPair searches a vertex pair for swapping by scanning the uncovered edge set L, so a larger L means increased complexity per step, and also provides a wider search region at each local search stage which may improve the quality of local optima. 0 n/a n/a n/a 3 0 n/a n/a n/a 4 0 n/a n/a n/a 4 0 n/a n/a n/a 5 0 n/a n/a n/a 5 0 n/a n/a n/a n/a n/a n/a 5 0 n/a n/a n/a 5 0 n/a n/a n/a
• EWLS becomes inefficient when the value of delta is "too large" (depending on the instance, but usually those deltas greater than 5 are "too large"). The intuitive explanation for this observation is that C + (see Algorithm 1) is constructed simply, but not optimally. Even if C and C + are optimal, C ∪ C + is unlikely to be an optimal solution if both C and C + are of considerable size, since they are not independent to each other.
The observations from Table 9 provide some insights about how the delta parameter impacts the performance and behavior of EWLS, which is helpful for adjusting this parameter automatically. We believe that, with the adapted delta (or the adapted size of the current partial vertex cover), the concept of partial vertex cover would be more applicable to improve MVC local search algorithms, including EWCC. We leave this direction for future work.
The old-to-young strategy
When scanning the uncovered edge set L to search for the vertex to be added in a swapping step, EWLS adopts a specific old-to-young strategy. Generally, the old-to-young strategy in EWLS is motivated by the idea of preferring older solution components for the current candidate solution, where the age of a solution component is defined to be the current step number minus the step number at which it is selected most recently. This idea, as a diversification technique, has been widely used in local search algorithms. Many successful local search algorithms, such as the SAT local search algorithms HSAT [17] , Novelty [42] , and Novelty++ [37] , and also the MVC local search algorithm COVER [49] , break ties in favor of the least recently changed solution components.
When choosing the vertex for inserting into C in the ChooseSwapPair function, EWLS first checks the oldest edge in L and then checks UL, rather than check other checked edges, although they are older than edges in UL. This specific strategy is based on our conjecture that it is likely that most of the checked edges still do not satisfy the choosing constraints in the following steps until they are covered and become uncovered again as an edge in UL. Thus, it would be a waste of time to recheck all edges in L\UL (the checked edges). To make a balance between preferring older edges (which would improve the step performance) and low time consumption per step, we just check the oldest edge in L and then go to check UL.
To verify this conjecture, we conduct some experiments for comparing the performance of EWLS with its two alternative versions, EWLS 1 and EWLS 2 . EWLS 1 checks all edges in L from old to young; EWLS 2 checks all edges in UL from old to young, but does not recheck any checked edges.
The investigation is performed using 5 DIMACS benchmarks and 5 BHOSLIB benchmarks. For the DIMACS benchmarks, we select brock200_4, C 1000.9, keller6, MANN_a45 and p_hat1500-1, which are from different classes and of appropriate hardness. For BHOSLIB benchmarks, frb45- 21-1, frb50-23-3, frb53-24-3, frb56-25-4 and frb59-26-4 are selected, which are of different sizes and varying hardness. From Table 10 , we have the following observations, which support our conjectures to some extent.
• Overall, EWLS outperforms both EWLS 1 and EWLS 2 on these representative instances.
• The step performance of EWLS and EWLS 1 are comparable, which are significantly better than EWLS 2 ; EWLS 2 performs the worst in terms of step on all these representative instances except keller6 and frb59-26-4. • The run-time per step of EWLS and EWLS 2 are comparable, which are significantly better than EWLS 1 ; EWLS 1 has the highest time consumption per step on all these representative instances.
• For some instances, such as p_hat1500-1, frb45-21-1 and frb56-25-4, rechecking the oldest edge in L (as EWLS does) gains a significant improvement on step performance (compared to EWLS 2 ), while the improvement by rechecking more checked edges (as EWLS 1 does) is less significant: the law of diminishing returns appears remarkably in this scenario.
More insights to the configuration checking strategy
We now discuss some insights about the configuration checking strategy through an experimental study. The key feature of the CC strategy is indeed its power to handle the cycling problem. Our experimental results demonstrate this. For DIMACS benchmarks, we select all instances that cannot be solved within 1 second by both EWLS and EWCC, except the two brock800 instances where both EWLS and EWCC totally fail. For BHOSLIB benchmarks, we select two instances of different hardness for each of the five large groups, as well as the challenge instance frb100-40.
Let S = {v | v ∈ V \C and confChange [v] = 0}, consisting of vertices for which the configuration has not been changed since they were removed from the current candidate solution. We run EWCC on each instance 10 times with different random seeds, within the cutoff time in Tables 1 and 3 ; for each run, the size of S (|S|) and the ratio |S| |V \C| (where C is the current candidate solution) averaged over all steps are computed. We report for each instance the mean value and the standard deviation of |S| and |S| |V \C| over the 10 runs, in the form of mean standard deviation .
As shown in Table 11 , the ratio |S| |V \C| varies from 4.73% to 5.72% between different instances (except two MANN instances), which means there is a small but non-negligible portion of such vertex v that confChange [v] = 0 in the set V \C each step. Although the amount of such vertices is relatively small, by prohibiting inserting these vertices into C , we improve EWLS significantly in terms of both run-time performance and step performance. For MANN_a45 and MANN_a81, the value of ratio |S| |V \C| is 0.84% and 0.39% respectively, which means the CC strategy helps little for these two MANN instances; this is coincident with the failures of EWCC on these two MANN instances. However, we note that the implementation of the CC strategy in this paper (the 4 rules in Section 4) is an approximate one and does not reflect its spirit accurately, recalling that the spirit of the CC strategy is that a vertex v / ∈ C for which the configuration is not changed after its last removing from C is forbidden to be added back into C . To see this, consider an To make a balance between the accuracy of the CC strategy and the complexity per step, we adopt the approximate implementation of the CC strategy in EWCC. Is there a way to accurately implement the configuration checking strategy efficiently? If there is one, then does it lead to a further improvement of EWCC? These are interesting issues to be addressed in future. We also note that for some other algorithms, there would be a better implementation of the CC strategy than the approximate one in EWCC.
Conclusions and future work
In this paper, we studied stochastic local search approaches to a challenging problem in graph theory that has a wide range of applications in AI and computer science. We have proposed two novel search strategies EW (Edge Weighting) and CC (Configuration Checking) to address the well known NP-hard MVC problem. We employed these two strategies in the development of two new local search algorithms which we call as EWLS and EWCC. The EWCC is an extension of EWLS. This was achieved by integrating the configuration checking strategy within EWLS. The EWCC not only significantly outperforms EWLS, but also it does not require instance-dependent parameters as EWLS does. Thus, it makes a worthwhile advancement to the state-of-the-art on local search algorithms for MVC.
The EW strategy we proposed is in some way inspired by the clause weighting technique in SAT solving [30, 31, 43, 53, 54] . It is a novel idea for solving the MVC problem. The EW strategy associates a weight to each edge and increases the cost of local optima it meets. This means the algorithm may find good candidate solutions hidden behind local optima. It is important to note that our EW strategy is rather different from the strategy adopted in the COVER algorithm which also makes use of edge weights. While COVER is an iterative best improvement algorithm that updates edge weights in each step, the EW strategy in EWLS updates edge weights only when the search being stuck in local optima.
The CC strategy we proposed is to handle the cycling problem in local search. It takes the induced subgraph configuration into account when selecting vertices to add into the current candidate solution, in order to prevent a vertex from getting into the circumstance it just leaves; and hence reduces cycling steps. This novel strategy is essentially different from previous heuristics on MVC, MIS and MC problems, which usually refer to the vertex information but neglect its circumstance in making decisions. It is exciting that the CC strategy is surprisingly effective while being conceptually simple; indeed, EWCC dramatically improves EWLS just by adopting the CC strategy instead of using the standard tabu mechanism as in EWLS. We believe that it also provides an interesting alternative to the standard use of the tabu mechanism to avoid the cycling phenomenon in other combinatorial search problems.
We have carried out experiments on two important benchmark sets, DIMACS and BHOSLIB. Compared with the current best heuristic algorithms, EWLS and EWCC are largely competitive on DIMACS benchmarks and outperform them on most hard instances, and dominate on the hard random BHOSLIB benchmarks. Moreover, EWCC makes a significant improvement over EWLS, particularly on the BHOSLIB benchmarks, where EWCC delivers the best results which significantly improve existing ones. Further, they perform quite well even on structured instances in comparison to the best exact MC algorithm. Notably, both EWLS and EWCC set a new record to the twenty year challenging instance frb100-40. In this sense, this work takes a promising step towards solving hard instances of MVC, MIS and MC problems.
Furthermore, we have shown that EWLS and EWCC are characterized by exponential RTD and RLD, which means they are robust w.r.t. the cutoff parameters and the number of random restarts, and hence have close-to-optimal parallelization speedup [28, 29] . We also perform some further investigations to illustrate the effectiveness of the underlying mechanisms in these two algorithms.
A significant future direction is to apply the configuration checking heuristic to various combinatorial search problems. The CC strategy is very simple and the notions (such as neighbors and state of solution components) it uses are common in combinatorial problems. From its ability to incorporate and guide another procedure, in amended form as a subroutine, the CC strategy may be viewed as a meta-strategy for combinatorial problem solving. Given the success of the CC strategy and its generality, we believe it is also effective for solving other hard combinatorial search problems. Also, based on the discussions in Section 6.5, it would be a valuable work to implement the CC strategy accurately with low time price to handle the cycling problem better. Proof. In this proof, E(G) is the universal set. u ∈ C and v / ∈ C . Let E 0 = {e | e is not covered by C }, E 1 = e e is not covered by C \{u} , E 2 = e e is covered by u and not covered by C \{u} .
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Note that C = {u} ∪ [C\{u}], we can rewrite E 0 as E 0 = e e is not covered by u and not covered by C \{u} . Appendix B. Larger independent set for frb100-40
Here we report a 98-vertex independent set for frb100-40. 
